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Abstract: In this article, we study some limit properties for sequences of ~-mixing random variables. 
The classical weak law of large number and the Baum and Katz complete convergence theo- 
rem are established. They extend and improve the corresponding results from independent 


sequences of random variables to -mixing sequences without imposing any unnecessarily 


extra conditions. Some well-known results are improved and extended. 
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1 Introduction 


Let (9, F, P) be a probability space. The random variables we deal with are all defined on 
(9, F, P). Let {Xn; n > 1} be a sequence of random variables. Denote Fs = o(X;, t E€ SC N). 
Given o-algebras B, R in F, let 


p(B, R) = sup {|P(B|A) — P(B)|; A € B, P(A) > 0, BER}, 
and 
(n) = sup {¢(Fs, Fr); finite subsets S,T C N such that dist (S,T)>n}, n20. 


Obviously 0 < (n + 1) < (n) < 1, n 2 0 and G(0) = 1. 

Definition 1 A random variable sequence {X,; n > 1} is said to be a ¢-mixing random 
variable sequence if there exists an k € N such that p(k) < 1. 

Without loss of generality, we assume that {X,;n > 1} is such that p(1) < 1. & 
mixing is similar to y-mixing, but they are quite different from each other. A number of 
researchers have studied mixing random variable sequences and a series of useful results have 
been established!*4), 

The main purpose of this paper is to study the weak convergence and complete convergence 
of G-mixing random variable sequences and try to obtain some new results. Our results extend 
and improve the corresponding results for independent random variable sequences to the case 


of G-mixing random variable sequences without adding any extra conditions. 
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Lemma 1 Let {X,; n > 1} be a G mixing random variable sequence with EX; = 0 and 
E|X;|% < 00 for every i > 1 and q > 2. Then there exists a positive constant c such that for all 


n>1 
B( max 1S; I") < of ST zjx + ( SaN 
i=1 i=l 


where S; = )> X;. 
jal 
Proof We can prove the Lemma by using the similar method as that for Theorem 2.1 of 


Sergey Utev and Magda Peligrad!”!. 
Lemma 2 Let {Xn; n > 1} be a G-mixing random variable sequence. Then for any x > 0, 
there exists a positive constant c such that for all n > 1 


n 


(1-P( max Xl > 2)) 2i (|Xk] > x) ) < eP( max, Xl > 2 ). 


Proof Let A, = (|X| > x) and 


n=1~P( Ur) =1~ P( mex Dal >e). 


Without loss of generality, assume a, > 0. By the Cauchy-Schwarz inequality and Lemma 1, 


we have 
do PAR) = D> P(4 Us) = DO Efla a) 
k=l k=1 j=l k=1 j=? 
£ E( (Ia Ela,))I» + > P(An)P( LU As) 
k=1 wz A; k=1 j=1 
< ia 5 P(A) +(1— an) >> P(Ax) 
a k=1 k=1 
< (5 tan D> P(A) +0- an) $S Por). 
k=1 
Thus 


a? S P(A) < c(l — an), 
k=1 
(a a P( max |X:| > 2)) ST P(A) < cP( me max [Xel > x). 
2S k=1 
2 Weak convergence 


In the following, let an < bn (an >> bn) denote that exists a constant c > 0 such that 
an < cbn (an > cbn) for n sufficiently large, log z mean In(max(z,e)), and Sn = > X;. 
j=l 
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Theorem 1 Let {Xn; n > 1} be a ¢-mixing identically distributed random variable se- 
quence (i.d.r.v.s.) satisfying 
lim nP(|Xi[>n?)=0, for p> 1/2, (1) 
n= 
then 
S/n? — nP EX: 1x, \<nv) 2,0. (2) 
Remark 1 When p = 1 and {X,; n > 1} iid, then Theorem 1 is the weak law of large 
numbers (WLLN) due to Feller”l. So, Theorem 1 extends the sufficient part of Feller’s WLLN 
for i.i.d.r.v.s. to a -mixing setting. 
n 
Proof Let X; = X;lqx;i<nr) for 1 < j < n and Gn D X; Then, for each n > 2, 
j=l 


{X;; 1 < j < n} are -mixing i.d.r.v.s. and for every £ > 0 
P( >e) = PE A) = (UC 4X9) 


< $ P(X; > n?) =nP(|Xi| > n?) > 0, 
j=l 


Sn S, 


nP nP 











due to (1). So that (1) entails S!,/n? — S,,/n? +, 0. Thus, to prove (2), it suffices to verify that 
S! /n? nd PBX lyx, <ne) = 0. (3) 
By (1) and the Toeplity Lemma, we have 


D k2. kP(|X1| > k?) 
Kal >0, n> æ. 


n 
hae 


j=l 





Ne 
With this and J J??? = O(n”?—!) for p > 1/2, we have 
jal 


ES PPG | > k?) —-0, n= œ, 
k=1 


which, in conjunction with Lemma 1 for every € > 0, 


en 7 p —2p he =o PNA = Hee = nee 1 : 
P(|S!, - ESL] > en?) & n-?E(S), — E91)? =n *PE( X(X; — BX) 
j=1 


K n? Deos 2 < nH EX? = nP EX? Ty, cnr) 


a EET 
k=1 


— jot yelp (|X1| > (k - 1)?) — P(|X1| > kP)] 


< n-2pta [S k2- P( |X| > kP) + 1] — 0. 
k=1 
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Thus 
(Si, — ES!) jn? = St fn? —n} "EX Iyx,j<nr) => 0. 


i.e. (3) holds. 


3 Complete convergence 


Definition 2 A function I(x) > 0(z > 0) is said to be a slowly varying function if for any 
e>0, lim l(cr)/l(x) = 1. 
z000 
Lemma 3! Let (x) be a slowly varying function, then 


(i) lim sup U(x) /l(2*) =1. 
k= 2k <g<2k+1 
(ii) For any r > 0, ņ > 0 and any natural number k, there exist constants c1, cz > 0 such 


that i 
e12*71(2"n) < NO 2571(2%n) < c22" (2n). 
j=1 
(iii) For any r < 0, 7 > 0 and any natural number k, there exist constants dı, dz > 0 such 
that 
iad $: . 
d2*"1(2kn) < XO 22n) < d2" (2"n). 
j=k 
Theorem 2 Let {Xn; n > 1} be a G-mixing i.d.r.v.s., and I(x) be a slowly varying func- 
tion. Then for 0 < p < 2, ap > 1 and EX, = 0, the following statements are equivalent 


E(X PI(1X1]1*)) < 00, (4) 
5 ne-a) p( max |55| > en) <oo, We>QO0. (5) 


Remark 2 Take I(z) = 1 and {Xn; n > 1} iid., Theorem 2 becomes the Baum and 
Katz!"] complete convergence theorem. So Theorem 2 extends and improves the Baum and 
Katz complete convergence theorem for i.i.d.r.v.s. to a -mixing i.d.r.v.s. 


Proof (4) => (5). Let Y; = Xilqx,)<ne), t= 1,2,-+- ,n. Firstly, we prove that 


n7% max [Z zr| =o, n —> œ. (6) 
i=1 


1<j<n 


(i) For a < 1, we have p > 1/a > 1 and EX = 0, E|X,|? < œ from (4). Thus 


j 


n7% max |J EY 


n 
= eee Fe 
ms, | BM] <0 DEM = 2h |BXaLaxsioary| 
1= 


i=1 





|X |71 


IA 


n'-*E|X)| Ix, |>n2) < n? E| Xi |P Iqx >ne) — 0. 


no(p—1) 
(ii) For a > 1, p > 1, we have by (4) that E|X | < co because of the Jensen inequality, 


hence 
j 


a | 


i= 


< n?e BX |Iaxii<ne) < n!e — 0. 
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(iii) For a> 1, p< 1, since 


j n 


n-* max [2 EY; n-* > |EY;| = n!-*|BY,| 


l<j<n 
=> i=1 i=1 


lA 





mS E| Xi laxa) = 07% J EIX G19 <x sie): 


i=l 


Noting p < 1, ap È 1, we get 


oO oo 


So PEI a-ye<pmisie) S Sot OP EX [PI (e—1)2 <1 Xi <i) 


CoO 


< XO EXPL i-se<ix sie) = E\|X, jP <. 
i=l 


By i27! f 00 and the Kronecker Lemma, we have 
ni- b9 E|X [I-1)<<|x1|\<i2) >0, n= œ. 
i=1 


Hence (6) holds. So to prove (5), it suffices to prove that 
CO n 
D n°®=2(n)P( U (xi > n*)) < ©, 
n=1 wl 


> en) <oo, Ve>d. 





oo i 

> n?-2(n)P( max | 
l<jgnié 

n=l pa i=l 


By Lemma 3 (i), (ii) and (4), it is easy to see that 


2 21(n) P(U (x> 2° )) 


IA 


Diag Min P(|X1| > n°) )=5 5 nP- (n) P(|Xi| > n°) 
j=l v< 


oO 
< Soar D. 991(29)P(|X1| > 2%) = Yori (21) XO P(e <a’ 
j=1 k=j 


XO 2i (2)P(2°® < |X] < alee) 


1j=1 


il 
Me i 


Eo 
Il 


< S-207k1(28)P( 2% < |X| < 204) e E(|Xi/PU|X1|'/%)) < 00, 
k=1 


i.e., (7) holds. 


+9) 


NO. 6 Jiang Yuanying, Wu Qunying: Weak (Complete) Convergence for -mixing Sequences 


1123 





By the Markov inequality, Lemma 1, Lemma 3 (i), (iii) and (4), we obtain that 


S 
Done P ma |2 e 


‘)| = en”) 





CO n CoO 
« So n-en) $ EY; — EY} < So nt 74U(n) EXT gxeno) 


mel i=l n=1 


co co 
=} JO Pn) EXPT xs) < Y POP MUD YEXT x, 1 <295) 
j=1 23-1<n<2) j=1 


o0 j 
= $ 22-9127) $ EXT pace <[x4|<24*) 
j k=1 


j=l 
oe CO 
= Sd 22M) EXT gate <1 xy|<aa) K E(X PIX) < 00. 
k=1 j=k 
Now we prove that (5) = (4). Obviously, (5) implies that 

oO 
Raga max |X,| > en®) <œ, Ve>0. 
nay 1<k<n 


Noting ap — 2 > —1, we have 


1<j<2™ 


S P( max |X;| > egalm+t) | 
=1 


— = — ; > a 
< 5 $ -P( pee Xal Sen? ) X ~P( max |X;| >en ) 


m=1 2™<n<2mt1 n=1 


o0 
< Sone 4H(nyP( max |X| > en") < o. 
< Son I(n)P pmax |X5l > en“) <œ 


n=l 


Thus 


max P( max [X,;| > €2°n e) < P( max |X;| > ennimtt)) _, > 0. 
am-t<n<am 1<j< 1<j<2™ 


Therefore, for n sufficiently large, we have 
1 
| > a = 
P( max |X;l > 2en ) < 7’ 
which, in conjunction with Lemma 2, means that 
nr 
Del |X| > €2?*n) < 4cP( max |X,| > Pent), 
1<j<n 

k=1 

Putting this into (9), we get 


oO 
> n°P—l1(n)P(|X1| > tent) < 00, Ve>0. 


n=l 


(9) 
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Thus, by Lemma 3(i), (ii), we finally have 


œ > XO nP (n) P(X] > 2 en) 


n=l] 


= 5 $O n Un)P(|X 22"*en") 


j=1 2i<n<23+1 
foe) 

> X 290P1(27) P( |Xy| > 2720 tD eg2%) 
j=1 


oo oc 
= 5O 29°91(27) XO P( e02% < Xil < eo22(F+D) 


j=l k=j 


œ k 


= SS 5 29P1(27)P( E92 < | Xi] < 6027+) 
k=1 j=1 


oo 
> So 2Ph1(2k)P( e02% < [Xi] < e02°**)) > B(X PIX). 
k=1 


It completes the proof of Theorem 2. 
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